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Instructions:  
1.  All questions are compulsory. 
2.  Figures to the right indicate marks. 

Que-1   (A) Answer the following. (Any one) 

(1) If (X, d) is a metric space, then show that d1 : X   X → R; d1 (x, y) = 
𝑑(𝑥,𝑦)

1+𝑑 (𝑥,𝑦)
  

is a bounded metric on X. 

(2) Let X be a metric space and A, B  X. Show that A  B = A  B. 

(07) 

(B) Attempt any one. 

(1) Prove that if (X, d) is a metric space, then d(x, z) – d(y, z)  < d(x, y), x, y, z  X. 

(2) Prove that: Any finite subset of a metric space is closed. 

(04) 

(C) Attempt any one. 

(1) Define following terms. 

(i) Discrete metric space.   (ii) Limit point of a set.   (iii) Open set. 

       (2) Prove that: In a metric space arbitrary union of open sets is an open set. 

(03) 

Que-2   (A) Answers the following (Any one). 

(1) Show that :
lim

   n → ∞
    

[
n

n2 + 12  +   
n

n2 + 22 +  
n

n2 + 32 +  … +  
1

2𝑛
] =  

π

4
 

(2) Show that : f(x) = 2 – 3x is integrable on [1, 3] and ∫ (2 − 3𝑥)𝑑𝑥 =  −8.
3

1
 

(07) 

(B) Attempt any one. 

(1) If f : [a, b] → R is a bounded function and P, P’  P [a, b] be such that  P  P’, then 

show that L(P, f) <  L(P’, f). 

(2)  If f  R [a, b], then show that. 

                         M(b – a) < ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 < M(b – a). 

Where m and M are the infimum and supermum of f on [a, b], respectively. 

(04) 

(C) Attempt any one. 

(1) Let f : [0, 1] → R be a function defined as  

             𝑓(𝑥) = {

1

5
1

2

      
𝑥 is rational

  𝑥 is irrational
 

 

             Show that f is not R-integrable. 

(2) Let f : [a, b] → R is a bounded and P  P[a, b], then show that L(P, -f) = - U(P, f). 

 

(03) 



Que-3   (A) Answers the following (Any one) 

(1) State and Prove: First Mean Value Theorem of Integral Calculus. 

(2) Show that GL(2, R) is a non-abelian group under matrix multiplication. 

(07) 

(B)  Attempt any one. 

(1)  Express lim
𝑛→∞

1

𝑛
∑ (

2r

n
+  3)

𝑛

𝑟=1 

as definite integral. 

 

(2) If P1, P2  P [a, b], then show that L(P2, f ) < U(P1, f ) 

 

(04) 

(C) Attempt any one. 

(1) Let G = { fa, b | fa, b : R → R, fa, b(x) = ax + b (x R), a  0, a, b R } be a group 

under composition of mappings. Find the identity element of G and inverse of f2, 3. 

(2) Find the remainder obtained on dividing 5355 by 16. 

(03) 

Que-4   (A) Answers the following. (Any one). 

(1) State and prove Cayley’s Theorem. 

(2) Let G be a group and H < G. For a, b  G define a  b (mod H)  a-1 b  H. 

Prove that  is an equivalence relation on G. Also find cl(a) where a G. 

(07) 

(B) Attempt any one. 

(1) Let G be a group. If a2 = e, a  G, then show that G is abelian. 

(2) Let G be a group, H < G and a, b  G. Show that either aH =bH or aH  bH = . 

(04) 

(C) Attempt any one 

(1) In usual notation prove that An is a normal subgroup of Sn. 

(2) Let f: G → G be a group isomorphism. If 𝑁̅ ⊲ 𝐺̅, then show that f -1(𝑁̅)⊲ G. 

(03) 

Que-5   (A) Answer the following (Any one). 

(1) State and prove Euler’s Theorem. 

(2) If G is a group such that (ab)n = anbn, for three consecutive integers n, then show that 

G is abelian. 

(07) 

(B) Attempt any one. 

(1) Let H and K be finite sub groups of a group G. If O (H) and O (K) are relatively 

prime, then prove that H  K = {e}. 

(2) Prove that a group of prime order is cyclic. 

(04) 

(C) Attempt any one. 

(1) Using the Fermat’s Theorem, show that if p is an odd prime then 

                                1p + 2p + ... + (p – 1)p  0 (mod p) 

(2) Let G be a group and a  G. Show that O (a-1) = O (a). 

(03) 

 

********************************** 


